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Abstract
We study the ˇCech–Stone compactification of the space Seq(u). We show that its remainder is
Fσκ -closed whenever u is a P(κ)-point and b κ > ω. Our results enable us to solve a recent prob-
lem by Okunev and Tkachuk regarding a possible relationship between d-tightness and d-calibers in
compact spaces.
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1. Introduction
In their paper [5], Okunev and Tkachuk stated the following problem:
Problem 1. Let X be a compact Hausdorff space and suppose that for every dense Y ⊆ X,
ω1 is a caliber for Y . Is it true that dt (X) = ω?
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dt (X) = min{κ: every dense subset of X is κ-dense}.
We shall show that, consistently, their problem has a negative solution. Gearing up towards
this goal, let us notice that a space Z with the following properties will constitute a coun-
terexample.
• Z is a compact Hausdorff space without isolated points.
• Z has a dense countable set D which is a P(κ)-set in Z and κ  ω2.
It is obvious that dt (Z) ω2; The fact that for every dense Y ⊆ Z, ω1 is a caliber for Y ,
follows immediately from our considerations of the concept called d-caliber (cf. Section 5
and Corollary 1).
A space Z that possesses the two properties (and many more others) is going to be the
ˇCech–Stone compactification of the space Seq(u), where u is a suitably chosen ultrafilter
on ω. It turns out that such a desirable ultrafilter exists under Martin’s Axiom + non-CH
(see Corollary 3). We do not know of any ZFC example of this sort.
In sections that follow, we study the space Seq(u), first for u being any free ultrafilter
on ω, and then, assuming additionally that u is a P(κ)-point and that b  κ . Our main
result (Theorem 5) provides a characterization of Seq being a P(κ)-set in β(Seq(u)). We
also introduce and study d-caliber.
For all undefined notions, see [3,4].
2. Some basic properties of the space Seq(u)
Let Seq =⋃ {nω: n ∈ ω} denote the set of all finite sequences of non-negative integers;
the sequence of length 0 is denoted by ∅. If s ∈ Seq is a sequence of length n and k ∈ ω,
then sk denotes the sequence of length n + 1 that extends s and whose last term is k. If
A ⊆ ω, then sA = {sk: k ∈ A}.
For a fixed free filter u on ω we define a topology Tu on the set Seq by the formula:
U ∈ Tu if and only if ∀s∈U {n ∈ ω: sn ∈ U} ∈ u.
The topological space (Seq,Tu) is denoted by Seq(u).
Over the years, there have been many papers published on subjects related to the space
Seq(u). Vaughan’s paper [6] can be used as a source for a brief historic outline of the
origins of the space and of its most elementary properties. In our paper, we are not going to
credit (in most cases) anybody with a particular basic fact about the space Seq(u). Instead,
we will try to give new and elegant proofs (if they are not obvious), or simply, quote results
if they have easy or straightforward proofs.
Let V ⊆ Seq(u) be open. Then ϕV ∈V u is given by the formula:
ϕV (s) = {k ∈ ω: sk ∈ V }. (2.1)
Now let ϕ ∈Seq u and s ∈ Seq be given. We set:
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U(s,ϕ,n+ 1) =
⋃{
tϕ(t): t ∈ U(s,ϕ,n)},
and finally,
U(s,ϕ) =
⋃{
U(s,ϕ,n): n ∈ ω}.
It is easy to see that the family{
U(s,ϕ): s ∈ Seq and ϕ ∈ Sequ}
constitutes a clopen base of the space Seq(u).
If ϕ,ψ ∈ Sequ are such that ϕ ⊆ ψ (i.e., ϕ(s) ⊆ ψ(s) for each s ∈ Seq), then U(s,ϕ) ⊆
U(s,ψ) for each s ∈ Seq. In the case ϕ ∈ Sequ is a constant function, say ϕ(s) = a for each
s ∈ Seq, then U(s,ϕ) is denoted by U(s, a).
For ϕ ∈ Sequ and f ∈ Seqω, ϕ\f denotes the element of Sequ defined as follows:
(ϕ\f )(s) = ϕ(s)− f (s).
The set U(s,ϕ\f ) is called the thinning of U(s,ϕ) with f .
Let Ln denote the set of all sequences of length exactly n and Tn = L0 ∪ L1 ∪
L2 ∪ · · · ∪ Ln. Then, for each n = 1,2, . . . , the set Ln is a countable discrete and dense
subset of Tn, which in turn is a closed and nowhere dense subset of the space Seq(u).
For ϕ ∈ Sequ and n ∈ ω − {0}, ϕn denotes an element of Sequ defined as follows:
(ϕn)(s) =
{
ϕ(s) if s ∈ Lm and m n,
ω if s ∈ Tn−1. (2.2)
Let us observe that Tn ⊆ U(∅, ϕn).
Lemma 1. Let V ⊆ Seq(u) be open and Tn ⊆ V , n 1. Then
U(∅, ϕV n) ⊆ V.
Remark 1. The space Seq(u) replicates itself at any point. More formally, if ϕ ∈ Sequ and
s ∈ Seq, then there exists a (natural) homeomorphism h from Seq(u) onto U(s,ϕ) such
that h(∅) = s. This fact is going to be utilized in our arguments involving arbitrary point
of Seq(u) by reducing considerations to the point ∅ only.
Lemma 2. Let Vn, n = 1,2, . . . , be open neighborhoods of the point ∅ such that for
each n = 1,2, . . . ,
Vn+1 ⊇ Vn ∩ Tn. (2.3)
Then
⋂{Vn: n = 1,2, . . .} is an open neighborhood of ∅.
In particular, if Vn is an open subset of the space Seq(u) such that Tn ⊆ Vn for each
n ∈ ω, then ⋂{Vn: n ∈ ω} is an open neighborhood of ∅.
Dually, if Fn is a closed subset of the space Seq(u) such that Tn ∩ Fn = ∅ for each
n ∈ ω, then ⋃{Fn: n ∈ ω} is a closed subset of the space Seq(u) not containing ∅.
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ω}. Suppose that s ∈ Lm. Then
a =
⋂{
ϕVn(s): nm+ 1
} ∈ u.
By 2.3,
a ⊆ ϕVn(s) whenever nm+ 2.
Thus
u 
 a =
⋂{
ϕVn(s): n ∈ ω
}= {k ∈ ω: sk ∈⋂{Vn: n ∈ ω}
}
. 
Proposition 1. Let u be a free filter on ω. Then
πχ
(∅,Seq(u))>ω.
Proof. Let Gn, n ∈ ω, be non-empty open subsets of the space Seq(u). Take non-empty
clopen sets Vn, n ∈ ω, such that Vn ⊆ Gn and Vn ∩ Tn = ∅. By Lemma 2,
Seq(u)−
⋃
{Vn: n ∈ ω}
is an open neighborhood of ∅ witnessing that the sets Gn, n ∈ ω, cannot form a local
π -base at ∅. 
3. More on the π -character of Seq(u)
Proposition 2. The space Seq(u) is extremally disconnected if (and only if ) u is an ultra-
filter.
Proof. Let U ⊆ Seq(u) be open. If clU were not open, then there would be an s ∈ clU−U
such that
A = {n ∈ ω: sn /∈ clU} ∈ u.
Thus
V = {s} ∪ {t ∈ Seq: ∃n∈Asn ⊆ t}
would be an open neighborhood of s disjoint from U . 
From this moment on, the symbol u stands for a free ultrafilter on ω. In the sequel, we
will provide more detailed (than given in Proposition 1) estimation of the π -character of ∅
in the space Seq(u), i.e., estimations of πχ(∅,Seq(u)).
Definition 1. A collection B ⊆ u is a base of ultrafilter u if for each a ∈ u there exists
b ∈ B such that b ⊆ a. We set
χ(u) = inf{|B|: B is a base of u}.
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exists b ∈ u such that b − a is finite for each a ∈ A, i.e., b ⊆∗ a for each a ∈ A. Usually,
P(ω1)-points are referred to as P -points.
Definition 3. For f,g ∈ω ω the symbol f ∗ g means that there exists m ∈ ω such that
f (n) g(n) for each n >m. We set
b = inf{|A|: A ⊆ω ω and A is unbounded with respect to ∗},
and
d = inf{|A|: A is cofinal (with respect to ∗) inωω}.
The cardinals b and d are both uncountable and regular whereas χ is of uncountable
cofinality. It is clear that b d (see [4,7] for more information).
Theorem 1. πχ(∅,Seq(u)) d · χ(u).
Proof. Let S be a family of non-empty clopen subsets of the space Seq(u) such that
|S| < χ(u).
Then there exists a ∈ u such that
ϕV (s)− a = ∅ for each V ∈ S and s ∈ Seq .
If there were a V ∈ S such that V ⊆ U(∅, a), then we would have ϕV (s) ⊆ a for any s ∈ V ,
which is impossible. Thus πχ(∅,Seq(u)) χ(u).
LetP be a clopen local π -base of ∅ in the space Seq(u). For each V ∈ P define fV ∈V ω
by setting
fV (s) = min{n: sn ∈ V }.
Take any f ∈Seq ω and consider the thinning of U(∅,ω) with f . If V ∈ P is contained in
the thinning, then
fV (s) f (s) holds for each s ∈ V.
Using standard techniques, we may then get a cofinal (with respect to ∗) set A ⊆Seq ω of
cardinality at most that of P . Thus πχ(∅,Seq(u)) d. 
Theorem 2. If u is a P -point, then χ(∅,Seq(u)) = πχ(∅,Seq(u)) = d · χ(u).
Proof. Let B ⊆ u be a base of the ultrafilter u and let A ⊆Seq ω be cofinal (with respect to
) in Seqω. We shall show that
B = {U(∅, b\g): b ∈ B and g ∈ A}
constitutes a neighbourhood base of ∅ in the space Seq(u).
Take an arbitrary ϕ ∈Seq u. Since u is a P -point, there exists a b ∈ B such that
b ⊆∗ ϕ(s) for each s ∈ Seq .
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b − f (s) ⊆ ϕ(s) for each s ∈ Seq .
Now if g ∈ A is such that f  g, then
U(∅, b\g) ⊆ U(∅, ϕ).
Since clearly |B| |A| · |B|, this implies
χ
(∅,Seq(u)) d · χ(u).
Moreover, by Theorem 1,
χ
(∅,Seq(u)) πχ(∅,Seq(u)) d · χ(u). 
4. Fσλ-closedness
• In our discussion that follows, free ultrafilters on ω are identified with points of the
space βω − ω, where βω is the ˇCech–Stone compactification of ω. Let us notice that
for each s ∈ Seq(u), the subspace {s} ∪ {sn: n ∈ ω} of Seq(u) is homeomorphic to
the subspace {u} ∪ω of βω.
By Lemma 2, for each free ultrafilter u on ω, the space β Seq(u) is a Hausdorff ex-
tremally disconnected compact space. We set Seq∗(u) = β Seq(u)− Seq(u).
A subset E of a topological space X is said to be Fσλ, λ ω, if E is the union of  λ
many closed subsets of X.
Theorem 3. Let u be a P(κ)-point, κ > ω, and let E be an Fσλ subset of the space
β Seq(u) such that E ∩ clTn = ∅ for each n = 1,2, . . . . If λ < κ and b  κ , then there
exists a clopen neighborhood W of ∅ such that W ∩E = ∅.
Proof. Let E =⋃{Fξ : ξ < λ}, where each Fξ is a closed subset of β Seq(u). For each
ξ < λ and 1 n < ω let V (ξ,n) be any clopen subset of the space β Seq(u) such that
Tn ⊆ V (ξ,n) and Fξ ∩ V (ξ,n) = ∅.
Let ϕξn stand for ϕV (ξ,n) (see (2.1)). Take any ϕ ∈ Sequ such that
ϕ(s) ⊆∗ ϕξn(s) for each ξ < λ and 1 n < ω; (4.1)
such a ϕ exists since u is a P(κ)-point.
Let ξ < λ be fixed. If s ∈n ω where 1  n < ω, then by (4.1), fξ (s) ∈ ω exists so that
the following holds:
ϕ(s)− fξ (s) ⊆
⋂{
ϕξm(s): 1m n
}
. (4.2)
It follows from formula (4.2) that
ϕ\fξ ⊆ ϕξn (4.3)
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(ϕ\fξ )(s) ⊇ (ϕ\g)(s) for each s /∈ Tk and for some sufficiently large k ∈ ω. Since Tk ⊆
V (ξ, k),
(ϕ\g)k ⊆ ϕξk. (4.4)
Hence U(∅, (ϕ\g)k) ⊆ U(∅, ϕξk) ⊆ V (ξ, k). Thus clU(∅, (ϕ\g)k)∩ Fξ = ∅.
It follows from Lemma 2 that
W =
⋂{
clU
(∅, (ϕ\g)k): k ∈ ω − {0}}
is a required neighborhood of ∅. 
It is a known fact that the closure of the union of a countable family of closed P(κ)-
subsets of ω∗ is a P(κ)-subset of ω∗ provided that b  κ (cf. [7]). We will need the
following obvious consequence thereof.
Lemma 3. Let {un: n ∈ ω} be a subset of the space βω consisting of P(κ)-points and let
E be an Fσλ subset of the space ω∗ such that(
cl{un: n ∈ ω}
)∩E = ∅.
If λ < κ and b κ , then there exists a clopen subset V of the space βω such that
{un: n ∈ ω} ⊆ V and E ∩ V = ∅.
Theorem 4. Let u be a P(κ)-point, κ > ω, and let E be an Fσλ subset of the space
β Seq(u) such that E ⊆ Seq∗(u). If λ < κ and b κ , then there exists a clopen neighbor-
hood V of ∅ such that
V ∩
(⋃
{E ∩ clTn: n ∈ ω}
)
= ∅.
Proof. The subspace clT1 of the space β Seq(u) is a copy of the space βω with ∅ being a
P(κ)-point. Therefore there exists a clopen neighborhood V1 of ∅ (in the space β Seq(u))
such that
V1 ∩E ∩ clT1 = ∅.
Suppose that for each i = 1,2, . . . , n we have defined clopen (in the space β Seq(u))
neighborhoods Vi of the point ∅ such that
Vi ⊇ Vi−1 ∩ Ti−1
holds true if i = 2,3, . . . , n, and
Vi ∩E ∩ clTi = ∅
holds true if i = 1,2, . . . , n.
Consider the subspace clTn+1 of the space β Seq(u). It is a copy of the space βω with
Ln+1 being its countable dense discrete part. Let us also notice that Ln is a discrete count-
able collection of P(κ)-points in the space clTn+1. Applying Lemma 3 to the collection
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neighborhood Vn+1 of the point ∅ such that
Vn+1 ⊇ Vn ∩Ln
and
Vn+1 ∩E ∩ clTn+1 = ∅.
Since Ln is a dense subset of Tn, Vn ∩ Tn ⊆ cl(Vn ∩ Ln) ⊆ Vn+1. So the induction carries
through.
By Lemma 2,
V =
⋂
{Vi : i = 1,2, . . .}
is a required clopen neighborhood of ∅. 
Definition 4. A subspace Y of space X is said to be Fσλ-closed if for any Fσλ subset F
of X,
if F ⊆ Y, then clF ⊆ Y.
Lemma 4. A subspace Y of space X is Fσλ-closed for each λ < κ if and only if X − Y is
a P(κ)-subset of X.
Theorem 5 (Main). Let κ > ω. Seq∗(u) is an Fσλ-closed subspace of the space β Seq(u)
for each λ < κ if and only if u is a P(κ)-point and b κ .
Proof. (⇐). Let λ < κ and let E be an Fσλ subset of the space β Seq(u) such that E ⊆
Seq∗(u). By Theorem 4, there exists a clopen neighborhood V of ∅ such that
V ∩
(⋃
{E ∩ clTn: n ∈ ω}
)
= ∅.
We can apply Theorem 3 to the Fσλ set E ∩ V and we get a clopen neighborhood W of ∅
such that W ∩ (E ∩V ) = ∅. Hence V ∩W is a clopen neighborhood of ∅ disjoint from the
set E.
By the argument of Remark 1, the implication ⇐ is proved.
(⇒). If u were not a P(κ)-point, then there would be a λ < κ and an Fσλ subset E of
the space clL1 −L1 such that ∅ ∈ clE −E. Hence E would be an Fσλ subset of the space
β Seq(u) such that E ⊆ Seq∗(u) but clE  Seq∗(u).
If b  κ were not true, then there would be an A ⊆Seq ω such that |A| = λ < κ and
A is unbounded with respect to ∗. Without loss of generality we may assume that A =
{fξ : ξ < λ} is a collection of strictly increasing functions (with respect to some labeling of
Seq by ω) and is also increasing with respect to ∗, i.e., fξ ∗ f ς whenever ξ  ς < λ.
Let us point out that for any infinite subset S of Seq, the collection {fξ  S: ξ < λ} is also
unbounded with respect to ∗.
For each ξ < λ, let
Aξ =
{
sm: s ∈ Seq and m fξ (s)
}
.
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there is a clopen neighborhood U of ∅ disjoint from E. Then U ∩ Aξ is finite for each
ξ < λ. The function g, defined on the set U ∩ Seq by the rule
g(s) = inf{n: sn ∈ U},
satisfies the following:∣∣{s ∈ U ∩ Seq: g(s) < fξ (s)}∣∣<ω,
i.e., fξ ∗ g on the infinite set U ∩ Seq. This is impossible; the implication ⇒ is
proved. 
Remark 2. Our Main Theorem is known for κ = ω1: P(ω1)-points are P -points and b
ω1 is a ZFC theorem (see [2,1]). However the methods applied there do not generalize to
higher cardinals.
5. Dense calibers
For a topological space X and an uncountable regular cardinal κ , we say that κ is a
d-caliber of X, in symbols:
κ ∈ d cal(X),
if κ ∈ cal(Y ), i.e., κ is a caliber of Y for each dense subset Y of X.
Theorem 6. Let κ be a regular uncountable cardinal. Then for an arbitrary topological
space X, the following conditions are equivalent:
(i) κ ∈ d cal(X);
(ii) If {Uξ : ξ < κ} is a decreasing (with respect to inclusion) collection of non-empty open
subsets of X, then Int(⋂{Uξ : ξ < κ}) = ∅;
(iii) cˆ(X) κ and if {Gξ : ξ < κ} is a decreasing (with respect to inclusion) collection of
dense open subsets of X, then Int(⋂{Gξ : ξ < κ}) is dense;
(iv) cˆ(X) κ and if {Eξ : ξ < κ} is an increasing (with respect to inclusion) collection of
nowhere dense subsets of X, then ⋃{Eξ : ξ < κ} is nowhere dense.
Proof. ((i) ⇒ (ii)). If {Uξ : ξ < κ} is a decreasing (with respect to inclusion) collection of
non-empty open subsets of X such that Int(
⋂{Uξ : ξ < κ}) = ∅, then κ is not a caliber of
the dense subset X −⋂{Uξ : ξ < κ}.
((ii) ⇒ (i)). Let Y be a dense subset of X and let {Vξ : ξ < κ} be a collection of non-
empty open subsets of Y . Take a collection {Wξ : ξ < κ}of open subsets of X such that
Wξ ∩ Y = Vξ for each ξ < κ.
Set
Uα =
⋃
{Wξ : α  ξ < κ}.
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subsets of X, Int(
⋂{Uξ : ξ < κ}) = ∅. Clearly, if p ∈ Y ∩ Int(⋂{Uξ : ξ < κ}), then p
belongs to κ many sets Vξ . This proves that κ ∈ cal(Y ), hence κ ∈ d cal(X).
It is clear that the equivalence (iii) ⇔ (iv) holds true (even if we drop the assumption
cˆ(X) κ).
((ii) ⇒ (iii)). Since κ ∈ d cal(X) implies that κ ∈ cal(X), we clearly have cˆ(X) κ .
If {Gξ : ξ < κ} were a decreasing (with respect to inclusion) collection of dense open
subsets of X and Int(
⋂{Gξ : ξ < κ}) were not dense, say V is non-empty open and V ∩
Int(
⋂{Gξ : ξ < κ}) = ∅, then setting Gξ ∩ V = Uξ we would get a violation of (ii) by the
collection {Uξ : ξ < κ}.
((iii) ⇒ (ii)). Let {Uξ : ξ < κ} be a decreasing (with respect to inclusion) collection of
non-empty open subsets of X. Since cˆ(X) κ , there exists α < κ such that
Uα ⊆ clUξ for each ξ, α  ξ < κ .
Hence{
(X − clUα)∪Uξ : α  ξ < κ
}
is a decreasing (with respect to inclusion) collection of dense open subsets of X. Since⋂{(X−clUα)∪Uξ : α  ξ < κ} contains a dense and open set, and since⋂{(X−clUα)∪
Uξ : α  ξ < κ} = (X − clUα)∪⋂{Uξ : α  ξ < κ},
Int
(⋂
{Uξ : ξ < κ}
)
= Int
(⋂
{Uξ : α  ξ < κ}
)
= ∅.
This finishes the proof of our theorem. 
Proposition 3. Let X be a regular space such that cˆ(X)  ρ, where ρ is a regular un-
countable cardinal. Suppose that X possesses a dense subspace S with ρ ∈ d cal(S) and a
π -base P which satisfy the following condition:
(⊗) If V ∈ P and if {Fξ : ξ < ρ} is an increasing (with respect to inclusion) collection of
closed subsets of X such that Fξ ⊆ clV − S for each ξ < ρ, then ⋃{Fξ : ξ < ρ} is
nowhere dense.
Then ρ ∈ d cal(X).
Proof. We will verify condition (iv) of Theorem 6. To this end, let {Eξ : ξ < ρ} be an
increasing (with respect to inclusion) collection of nowhere dense subsets of X. To show
that
⋃{Eξ : ξ < ρ} is nowhere dense, take an open non-empty set U . Since ρ ∈ d cal(S),
we can apply (iv) of Theorem 6 to conclude that⋃
{clEξ ∩ S: ξ < ρ}
is nowhere dense in S and hence in X. By the regularity of X we may pick a V ∈ P such
that
clV ⊆ U −
(⋃{
clEξ ∩ S: ξ < ρ}
)
.
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exists a non-empty open set W such that
W ⊆ V −
(⋃
{Fξ : ξ < ρ}
)
.
But then W ⊆ U and W ∩ (⋃{Eξ : ξ < ρ}) = ∅. 
Corollary 1. Let X be a regular space. Suppose that X possesses a countable dense and
co-dense subset D that is a P(κ)-set in X. If λ < κ and λ is a regular uncountable cardinal,
then λ ∈ d cal(X).
Proof. Proposition 3 applies to the space X with λ as ρ, the countable dense set D as S,
and with any π -base P of X. 
Corollary 2. Let u be a P(κ)-point and let b  κ . If λ < κ is an uncountable regular
cardinal, then λ ∈ d cal(β Seq(u)).
Proof. By Theorem 5, Corollary 1 applies with X = β Seq(u) and D = Seq(u). 
Corollary 3. Assume MA and 2ω  ω2. Then there exists a compact Hausdorff space X
such that
ω1 ∈ d cal(X)
and
dt (X) ω2.
Proof. It is well known that MA implies both the existence of a P(2ω)-point and that
b = 2ω. Thus, if u is a P(2ω)-point, then the space β Seq(u) is as required. 
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